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Abstract
We deal with various Diophantine equations involving the Euler totient function and various sequences
of numbers, including factorials, powers, and Fibonacci sequences.
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1. Introduction
There has been much study on diophantine equations involving factorials and powers. Some examples
of such equations are:
1) n! = xk ± yk and n!±m! = xk [8].
2) dxk = un, where (un)
∞
n=1 satisfies a linear recurrence of order 2 with constant coefficients [18].
3) xk = Fn ± 1, where (Fn)∞n=1 is the Fibonacci sequence [6].
4) F
(k)
n = 2m, where (F
(k)
n )n is the k-bonacci sequence, given by F
(k)
n = 0 for −(k−2) ≤ n ≤ 0, F (k)1 = 1,
and F
(k)
n = F
(k)
n−1 + F
(k)
n−2 + . . .+ F
(k)
n−k for n > 1 [5].
5) ϕ(|un|) = 2m [7].
6) ϕ(x) = n! [10].
7) P (x) = n!, where P ∈ Z[x] [3].
8) ϕ(Fn) = m! [14].
9) ϕ(Ln) = 2
x3y, where Ln is the Lucas sequence [14].
For several of the equations above, it was proved that the number of solutions is at most finite, and
in some cases that all solutions can be effectively found. Others, for example the equation ϕ(x) = n!, do
have infinitely many solutions.
Our starting point in this paper is Luca and Sta˘nica˘’s results [14]. It is natural to ask for which
polynomials P (x), the diophantine equation ϕ(P (x)) = n! has only finitely many solutions. Here we
answer this question when P (x) is a monomial, i.e., P (x) = axm for some m ≥ 2, a ∈ N, and explicitly
give all of the solutions to this equation. We also generalise Luca and Sta˘nica˘’s results to certain Lucas
sequences of the first and second kinds, defined as follows.
Definition 1. Let a, b, c ∈ N. A Lucas sequence of the first kind (un)n is defined by u0 = 0, u1 = 1,
and un = bun−1 + cun−2 for all n ≥ 2. Likewise, define the sequence (vn)n by v0 = 2, v1 = b, and
vn = bvn−1 + cvn−2, which is a Lucas sequence of the second kind.
We prove that the Euler function, evaluated at the pth term of Lucas sequences, where p is prime, is
a factorial only finitely often, and give bounds on such primes p. Also, for three specific sequences, we
give all of the solutions as to when the Euler function evaluated at the terms is of the form 2x3y.
In Section 2, we state these results, and in Section 3 give their proofs.
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2. The Main Results
Our first two results involve factorials, monomials, and Euler’s totient function.
Theorem 1. Fix a, b, c,m ∈ N with gcd(b, c) = 1 and m ≥ 2. Then there are only finitely many solutions
to ϕ(axm) = b·n!c , and these solutions satisfy n ≤ max{61, 3a, 3b, 3c}. In particular, all of the integer
solutions to ϕ(xm) = n!, where m ≥ 2, are ϕ(1m) = 1!, ϕ(22) = 2!, ϕ(32) = 3!, ϕ((3 · 5)2) = 5!,
ϕ((3 · 5 · 7)2) = 7!, ϕ((22 · 3 · 5 · 7)2) = 8!, ϕ((22 · 32 · 5 · 7)2) = 9!, ϕ((22 · 32 · 5 · 7 · 11)2) = 11!, and
ϕ((22 · 32 · 5 · 7 · 11 · 13)2) = 13!.
In the “other direction”, we can prove the following.
Theorem 2. Fix a, b, c,m ∈ N with gcd(a, b) = 1 and m ≥ 2. Then there are only finitely many solutions
to ϕ
(
a·n!
b
)
= cxm, and these solutions satisfy n ≤ max{61, 3a, 3b, 3c}. In particular, all of the integer
solutions to ϕ(n!) = xm, where m ≥ 2 and n ≥ 1, are ϕ(1!) = 1m, ϕ(2!) = 1m, ϕ(4!) = 23, ϕ(5!) = 25,
ϕ(8!) = (25 · 3)2, ϕ(9!) = (25 · 32)2, ϕ(11!) = (26 · 32 · 5)2, and ϕ(13!) = (28 · 33 · 5)2.
Remark 1. While Theorem 1 states that the equation ϕ(xm) = n! has only finitely many integer solutions
for m ≥ 2, Erdo˝s [11, p. 144] observed that the equation does have many solutions when m = 1. Indeed,
Ford, et al. [10] observed that there exists c > 0 such that, for all sufficiently large k ∈ N, the number of
solutions to ϕ(x) = k! is at least (k!)c.
The remaining results generalise Luca’s and Sta˘nica˘’s results [14].
Theorem 3. Let a, b, c ∈ N with b2 + 4c being prime and b2 + 4c > a. Let (un)n be a Lucas sequence of
the first kind. Then there are at most finitely many primes p for which ϕ(aup) is a factorial. Moreover,
such primes p are bounded above by
max

ea1/2
(
b+
√
b2 + 4c
2
)
,
10
9 log(8 · (b2 + 4c− 1)!)− log a+ log(b
2+4c)
2
log
(
b+
√
b2+4c
2
)

 .
The bounds in Theorem 3 approach ∞ as a, b, and/or c approach ∞, but only grow polynomially
fast in terms of a, b, and c.
For any specific values of b and c, finding all of the solutions to the equation ϕ(vn) = 2
x3y, where
(vn)n is a Lucas sequence of the second kind, is non-trivial, since there are potentially infinitely many
solutions. For three pairs of specific values of b and c, however, we prove that this equation only has
finitely many solutions and explicitly list all of them.
Theorem 4. Let (vn)n be a Lucas sequence of the second kind. The only solutions to ϕ(vn) = 2
x3y are:
1) For b = 3, c = 1:
(n, x, y) = (0, 0, 0), (1, 1, 0), (3, 2, 1), (4, 5, 1), (9, 6, 5).
2) For b = 5, c = 1:
(n, x, y) = (0, 0, 0), (1, 2, 0), (2, 0, 2), (3, 4, 3).
3) For b = 7, c = 1:
(n, x, y) = (0, 0, 0), (1, 1, 1), (2, 5, 0), (3, 5, 2), (6, 9, 4).
3. Proofs
Proposition 1. Let x, n,m, a, b, c ∈ N with m ≥ 2 and ϕ(axm) = b·n!c and let p be a prime such that
p > a, b, c. If p | x, then p ≤ n. Conversely, if p ≤ n, p ∤ x, then p = 2 and n = 3, 5, or 7.
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Proof. Suppose p | x. Then p2 | axm. Thus, p | ϕ(axm), so that p | b·n!c . Thus, p | n! so that p ≤ n.
Conversely, suppose p ≤ n and p ∤ x. We have p | b·n!c so that p | ϕ(axm). Since p ∤ x, we have
p ∤ axm. Thus, we must have that there exists a prime, say p′, such that p | p′ − 1 and p′ | axm so that
p′ | x. Let q be the greatest prime at most n. Then a, b, c < p ≤ q so that q | b·n!c . Then q | ϕ(axm).
Either q | axm or there exists a prime q′ | axm such that q | q′ − 1. Consider the latter case. Then we
have q′ | x and q′ > q > a, b, c. Thus, q′2 | xm so that q′2 | axm. Hence, q′ | ϕ(axm) = b·n!c , and so
q′ | n!. But then q < q′ ≤ n, contradicting our choice of q. Thus, the former case must hold, and we
have q | x. Using the same reasoning, we can deduce that the highest prime dividing x is q. Observe
that a, b, c < p < p′ ≤ q ≤ n. We can therefore deduce that for all e ∈ N pe | c·n!d if and only if
pe | (q1−1)(q2−1) · · · (qr−1) where q1 < q2 < . . . < qr = q are all the primes dividing x that are greater
than a, b, and c. Thus, for all e ∈ N pe | n! if and only if pe | (q1 − 1)(q2 − 1) · · · (qr − 1). Observe that
q1 − 1 < q2 − 1 < . . . < qr − 1 < n and that p ∤ n!(q1−1)···(qr−1) . Thus, q1 − 1, . . . , qr − 1 must contain all
of the positive multiples of p up to n. We must therefore have that p = qi − 1 for some 1 ≤ i ≤ r, which
can only hold if p = 2. So q1 − 1, . . . , qr − 1 contains all of the positive even numbers less than n and
n = qr = pk. Thus, n = 3, 5, or 7.
For the next proposition, we require the following definition.
Definition 2. A number n ∈ N is a powerful number if n does not have a prime factor to the power 1
in its prime factorisation.
Proposition 2. Let x, y,∈ N satisfy ϕ(x) = ϕ(y) and suppose that x and y are both powerful numbers.
Then x = y.
Proof. Let P (n) denote the largest prime factor dividing n. For x, y ∈ N both powerful with ϕ(x) = ϕ(y)
implies that P (x) = P (y) with their exponents in the factorisation of x and y being equal. The result
then follows by induction on the number of prime factors of x.
Lemma 1. If x, n, a, b, c ∈ N with n ≥ 9, a, b ≤ n/3, and ϕ(ax2) = b·n!c , then all of the primes in the
interval (n/3, n/2] are congruent to 2 (mod 3).
Proof. Let p ∈ (n/3, n/2] be prime. By Proposition 1, we have p | x. Thus, p2e ‖ ax2 for some e ∈ N.
Thus, p2e−1 | ϕ(ax2). Notice that p2 ‖ b·n!c . We can therefore deduce that there exists a prime q | ax2
such that p | q − 1. Notice that q | x, and so, by Proposition 1, q ≤ n. But since n/3 < p we must
therefore have that 2p = q − 1. Since n ≥ 9, we have 3 ∤ p, q. Thus, p ≡ 2 (mod 3).
We also have the following result of Rosser and Schoenfield [17, p. 72].
Lemma 2 (Rosser, Schoenfield). Let c be the Euler-Mascheroni constant
c = lim
n→∞
(
− logn+
n∑
k=1
1
k
)
= 0.57721 . . .
Then for all n ≥ 3, we have
n/ϕ(n) < ec log logn+ 5/(2 log logn)
except when n = 223092870 = 2 · 3 · 5 · 7 · 11 · 13 · 17 · 19 · 23, in which case
n/ϕ(n) < ec log logn+ 2.50637/(log log n)
We use the following notation for the number of primes up to x in a congruence class in the proofs
of Theorems 1 and 2:
Notation 1. For two coprime positive integers a and q and positive real number x, let pi(x; q, a) denote
the number of primes up to x that are congruent to a (mod q).
Proof of Theorem 1. Suppose that ϕ(xm) = ab · n! where m ≥ 2 and gcd(a, b) = 1. We divide into two
cases.
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Case 1. m ≥ 3
Suppose that n > max{61, 3a, 3b, 3c}. Let p be the largest prime at most n. By Bertrand’s Postulate,
n/2 < p and so p2 ∤ n!. Also p ∤ a, b since a, b ≤ n3 < p. By Proposition 1, we can see that p | x and so
p3 | axm. But then p2 | ϕ(axm) = b·n!c so that p2 | n!, a contradiction.
Case 2. m = 2
Suppose that n > max{61, 3a, 3b, 3c}. Then, by Lemma 1, all of the primes in the interval (n/3, n/2]
are congruent to 2 (mod 3). Bennett, et al. [2] showed that for x ≥ 450, we have
x
2 log x
< pi(x; 3, 1) <
x
2 logx
(
1 +
5
2 log x
)
.
Therefore, for n ≥ 1394, we have
pi(n/2; 3, 1)− pi(n/3; 3, 1) > n
4 log(n/2)
− n
6 log(n/3)
(
1 +
5
2 log(n/3)
)
> 0.
Thus, n < 1394. Also, a quick check will confirm that for 62 ≤ n ≤ 1393 there eixsts a prime in the
interval (n/3, n/2] that is congruent to 1 (mod 3), contradicting all possibilities.
In both cases we have n ≤ max{61, 3a, 3b, 3c}. Thus, by Lemma 2, there are only finitely many
solutions to ϕ(axm) = b·n!c . We find all of these solutions in the case a = b = c = 1. We divide into
several cases.
Case 1. m = 3, x ≥ 2
Since x ≥ 2, both 1 and xm − 1 are coprime to x. Therefore, n ≥ 2. Let p be the largest prime at
most n. By Bertrand’s Postulate, n/2 < p and so p2 ∤ n!. By Proposition 1, we can see that p | x and so
p3 | xm. But then p2 | ϕ(xm) = n!, a contradiction.
Case 2. m = 2, n ≥ 62, 26 ≤ n ≤ 56, 14 ≤ n ≤ 20.
In these cases, n ≥ 9 and so all of the primes in the interval (n/3, n/2] are congruent to 2 (mod 3).
Thus, n ≤ 61. Also, a quick check will confirm that for 26 ≤ n ≤ 56, and 14 ≤ n ≤ 20 there exists a
prime in the interval (n/3, n/2] that is congruent to 1 (mod 3), contradicting all possibilities.
Case 3. m = 2, 57 ≤ n ≤ 61.
By Proposition 1, 11 | x. Suppose that 11e ‖ x. Then 112e ‖ x2. Also, 23 | x and 23 is the only
prime up to n that is congruent to 1 (mod 11). Thus, 112e−1+1 ‖ ϕ(x2) or 112e ‖ ϕ(x2). But 115 ‖ n!, a
contradiction since 5 is odd.
Case 4. m = 2, n = 4, 6, 10, 12, 21, 22, 23, 24, 25.
All of these cases are exhausted in the same way as the case of 57 ≤ n ≤ 61, but with a possibly
different prime p replacing 11 for each one to derive that if pe ‖ ϕ(x2) and pf ‖ n!, then the parity of
e and f differ, contradicting the specific case being considered. For the cases n = 4, 21, 23 the prime p
is 2, for cases n = 6, 12, 24, 25, the prime p is 3, for the case n = 10, the prime p is 5, and for the case
n = 22, the prime p is 11.
Case 5. m = 2, n = 1, 2, 3, 5, 7, 8, 9, 11, 13.
Proposition 2 gives the only solutions for these values of n as stated in Theorem 1.
Proof of Theorem 2. Suppose that ϕ
(
a·n!
b
)
= cxm where m ≥ 2 and gcd(b, c) = 1. Suppose that
n > max{61, 3a, 3b, 3c}. Bennett, et al. [2] showed that for x ≥ 450, we have
x
2 log x
< pi(x; 3, 1) <
x
2 logx
(
1 +
5
2 log x
)
.
We can therefore derive that there exists a prime p ∈ (n/3, n/2] that is congruent to 1 (mod 3). Then
p2 ‖ n!, and so p2 ‖ a·n!b since p > n/3 > a, b. Thus, p | cxm. Since c < n3 < p, we have p | xm. But
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then p2 | cxm. Therefore, there exists a prime q | a·n!b such that p | q − 1. Since q > p > a, we have that
q | n!, and so q ≤ n. Since p ∈ (n/3, n/2], we therefore have that 2p = q − 1. But since p ≡ 1 (mod 3),
we have 3 | 2p + 1, a contradiction. In finding all of these solutions for a = b = c = 1, it is therefore
only necessary, by sole computation, to verify that for n < 62 all of the solutions are as stated in the
theorem.
Notation 2. Lucas [? ] proved that for any prime p not dividing c we have that there exists k ∈ N
such that p | ul if and only if k | l. Such a k is called the index of appearance of p. Denote the index of
appearance of a prime p by z(p).
Lucas [? ] also proved the following.
Lemma 3 (Lucas). If p | b2+4c, then z(p) | p. Let p be a prime other than b2 +4c with p ∤ c. If b2+4c
is a quadratic residue (mod p), then z(p) | p − 1. If b2 + 4c is not a quadratic residue (mod p), then
z(p) | p+ 1. Let α = b+
√
b2+4c
2a and β =
√
b2+4c−b
2a . Then
un =
(αn − βn)√
b2 + 4c
.
Proof of Theorem 3. Let ϕ(aup) = m!. Suppose that m ≥ b2 + 4c. Then b2 + 4c | ϕ(aup) so either
b2 + 4c | aup or there exists a prime q | aup such that q ≡ 1 (mod b2 + 4c). In the former case, we thus
have p | b2 +4c and so p = b2 + 4c. Thus, assume the latter case. Since b2 + 4c ≡ 1 (mod 4) and b2 +4c
is prime, we have by quadratic reciprocity that b2 + 4c is a quadratic residue (mod q). By Lemma 3,
we thus have that z(q) | gcd(p, q− 1). We must have that z(q) = p and so p | q− 1. Thus, p | m! so that
p ≤ m. By Lemma 3, we have
aαp > aup > ϕ(aup) ≥ p! > (p/e)p.
Since p ≥ 2, we have p < ea1/2α.
Now assume that m < b2 + 4c and p ≥ ea1/2α. Thus, p ≥ 5. We can work out that au5 =
a(b4 + 3b2c+ c2) and so up ≥ u5 ≥ 5. Thus,
aup
(b2 + 4c− 1)! ≤
aup
m!
=
aup
ϕ(aup)
.
The right-hand side of the above inequality can be bounded with Lemma 2 and the result can be
deduced.
Note 1. For the rest of the paper, let a = c = 1.
We now list some properties of the sequences (un)n and (vn)n that are well-known. We use the
following notation for the highest power of a prime dividing n ∈ N in stating these properties and in the
proof of Proposition 3:
Notation 3. Let vp(n) denote the highest power of p dividing n.
For the 8 facts that follow n is any natural number. Facts S.1 through S.5 can be found in [? ].
S.6 and S.7 follows routinely from S.1 through S.5. S.8 follows routinely from the other facts together
with Lemma 5 from [? ].
S.1 vn = α
n + βn where α = b+
√
b2+4
2 and β =
√
b2+4−b
2
S.2 u2n = unvn.
S.3 (b2 + 4)u2n + 4(−1)n = v2n. In particular, gcd(un, vn) = 1, 2, 4.
S.4 v2n = v
2
n − 2(−1)n.
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S.5 Let m be odd. Then vn | vnm.
S.6 Let α ≥ 1 and m ≥ 1 be odd. We have v2αm − v2α = (b2 + 4)u2α−1(m−1)u2α−1(m+1).
S.7 v3n = vn(v
2
n + 1− 2(−1)n)
S.8 Let d = ν3(b) if 3 | b or d = ν3(b2 + 2) if 3 ∤ b. 3 | un implies ν3(un) = ν3(n) + d.
In the proof of Proposition 3 we use the following notation for the Legendre symbol:
Notation 4. Let (a|q) denote the Legendre symbol of a with respect to the prime q.
Proposition 3. Let c = 1 and b2+4 be prime and let d = ν3(b) if 3 | b or d = ν3(b2+2) if 3 ∤ b. Suppose
that ϕ(vn) = 2
x3y for some x, y, n ≥ 0 and n = 2em where e ≥ 0 and m is odd. Then e ≤ 2 and at least
one of the following conditions hold:
1) n = 0, 1, 2, 3, 4, 6, 12
2) n is a power of 3
3) there exists a prime p > 3 dividing n and for all such primes p, there exist primes q1, . . . , ql such
that qi = 2 ·3bqi +1 for some bqi ∈ N for all 1 ≤ i ≤ l with v2ep = v2eq1 · · · ql, but qi ∤ v2e for all 1 ≤ i ≤ t.
Moreover, let q1 be the smallest qi. Then bq1 ≤ 4d.
Proof. Let n = 2em where m is odd. First, we derive that e ≤ 2. Suppose that e ≥ 1. We can deduce
by S.4 that v2e ≡ 3 (mod 4). Hence, v2e has a prime factor q ≡ 3 (mod 4). Reducing S.3 modulo q, we
obtain (−b2 − 4 | q) = 1. Since q ≡ 3 (mod 4), we have (b2 + 4 | q) = −1. By Lemma 3, we thus have
z(q) | q + 1. Since q | v2e , we have q | u2e+1 by S.2. Using S.3, we get q ∤ u2e . Thus, z(q) = 2e+1. By
Lemma 3, we thus have 2e+1 | q + 1. By S.5, ϕ(v2e) | ϕ(vn). So q − 1 | ϕ(vn) and so q = 2e13e2 + 1
for some integers e1, e2 ≥ 0. Since q ≡ 3 (mod 4), e1 = 1. Thus, 2e+1 | 2 · 3e2 + 2 so that 2e | 3e2 + 1.
Depending on the partity of e2, we have ν2(3
e2 + 1) = 1, 2 and so e ≤ 2.
Now let n = 2e3βm where m is not divisible by 2 or 3. Assume that e ≥ 1 and β ≥ 2. Notice that
v3 = b
3+3b, which is even. Thus, by S.3 and S.4, we have that v2e3β−1 is also even. Thus, v
2
2e3β−1−1 ≡ 3
(mod 4) and so there exists a prime factor q of v22e3β−1−1 such that q ≡ 3 (mod 4). By S.7, q | v2e3β . By
S.2 and S.3, we have q | u2e+13β and q ∤ u2e3β . Also, by S.3, we have (b2+4)u2e+13β−1 ≡ v22e+13β−1 − 4 ≡
−4 (mod q) and so q ∤ u2e+13β−1 . Thus, z(q) = 2e+13β . By S.2, we have (b2 + 4)u22e3β−1 + 4 = v22e3β−1 .
Modulo q, we can derive that (−b2 − 4 | q) = 1. Since q ≡ 3 (mod 4), we have (b2 + 4 | q) = −1.
By Lemma 3, we thus have z(q) | q + 1 and so 2e+13β | q + 1. By S.5, we have ϕ(v2e3β ) | ϕ(vn). So
q−1 | ϕ(vn) and so q = 2e13e2 +1 for some nonnegative integers e1 and e2. Since q ≡ 3 (mod 4), e1 = 1.
Thus, 2e+13β | 2 ·3e2 +2 so that 2e3β | 3e2 +1. But β ≥ 2 and so 3 | 3e2 +1, which cannot happen. Thus,
either e = 0 or β ≤ 1. Thus, if there is no prime greater than 3 dividing n, then n = 0, 1, 2, 3, 4, 6, 12 or
n is a power of 3.
Assume that p > 3 is a prime factor of m. By S.5, v2ep has the same property that its Euler
function is divisible only by primes which are at most 3. By Carmichael’s Theorem, there exists a prime
q dividing u2e+1p such that q does not divide un for all n < 2
e+1p so that z(q) = 2e+1p. By S.2, we
have u2e+1p = u2epv2ep and so q | v2ep. Notice that since q ∤ u2e+1 , we have q ∤ v2e by S.2. Also, notice
that 2 | b2 + 1 = u3 and so q is odd. If e = 0, then by S.3, we have (b2 + 4)u2p − 4 = v2p, which when
reduced modulo q, gives us (b2 + 4|q) = 1. If q = b2 + 4, then q | 4 and q > 4, a contradiction. Thus,
q 6= b2 + 4. By Lemma 3, we have q ≡ 1 (mod 2p), therefore p | ϕ(vp), which is a contradiction because
p > 3. This shows that the only potential solutions when e = 0 occur when n is a power of 3. Assume
now that e ≥ 1. By Lemma 3, we have (b2 + 4)u22ep + 4 = v22ep, which when reduced modulo q gives us
(−b2 − 4|q) = 1. If q ≡ 1 (mod 4), then we obtain (b2 + 4|q) = 1 from which again we can deduce that
q ≡ 1 (mod p) by Lemma 3. Hence, p | ϕ(v2ep), which is a contradiction for p > 3. Thus, we may assume
that q ≡ 3 (mod 4) for all prime factors q of v2ep/v2e . Thus, for each such q, we have q = 2 · 3bq + 1
and (b2 + 4|q) = −1. By Lemma 3, we have q ≡ −1 (mod p) so that 2 · 3bq + 1 = aqp − 1 for some
even integer aq. Suppose that 3 | v2ep/v2e . Then 3 | v2ep. By S.3, we have 3 ∤ u2ep. From u2 = b and
u4 = b
3 + 2b = b(b2 + 2), we can derive that z(3) = 2 or 4. Hence, e = 1 and z(3) = 4. Thus, 3 ∤ b = v2,
∤ u2, and 3 | u4. But by S.2, we have u4 = u2v2, a contradiction. Hence, 3 ∤ v2ep/v2e . Since v2ep/v2e is
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odd and not divisible by 3, we can deduce that v2ep/vp is squarefree since its Euler function is divisible
only by primes which are at most 3. Thus, we get that
v2ep = v2eq1q2 · · · ql
where qi = 2 · 3bqi + 1 for i = 1, . . . , l. We may assume that 1 ≤ bq1 < . . . < bql . By S.6, we have that
3b1 | v2ep − v2e = (b2 + 4)u2e−1(p−1)u2e−1(p+1).
We know that at least one of u2e−1(p−1) and u2e−1(p+1) is divisible by 3. Pick the value d such that S.8
holds. Then by S.8, we have
min{ν3(u2e−1(p−1), ν3(u2e−1(p+1))} ≤ d
max{ν3(u2e−1(p−1), ν3(u2e−1(p+1))} ≤ d+max{ν3(p− 1), ν3(p+ 1)}.
Also, we have bq1 ≤ ν3(u2e−1(p−1)) + ν3(u2e−1(p+1)) and so the first inequality implies
max{ν3(u2e−1(p−1), ν3(u2e−1(p+1))} ≥ bq1 − d.
Thus, we have bq1−2d ≤ max{ν3(p−1), ν3(p+1)}. Assume that bq1 ≥ 2d. Then either 3bq1−2d | (p−1)/2
or 3bq1−2d | (p+1)/2. Since p = 2·3bq1 +22 , we can therefore derive that 3bq1−2d | aq1+2 or 3bq1−2d | aq1−2.
Since (p+ 1)/2 ≥ 3bq1−2d, we obtain
3bq1 + 1
aq1
=
p
2
> 3bq1−2d − 1.
If aq1 ≥ 32d + 1, then we have
3bq1 + 1 > (32d + 1)(3bq1−2d − 1) = (32d + 1)3bq1−2d − 3bq1 − 1 = 3bq1−2d − 1,
which implies that bq1 ≤ 4d. On the other hand, if aq1 ≤ 32d − 1, we have
3bq1 − 2d ≤ aq1 + 2 ≤ 32d + 1,
which again implies that bq1 ≤ 4d. Thus, we have our result.
Proof of Theorem 4. Let c = 1. Let b = 3. We have 32 + 4 = 13 is prime. We can check that for n ≤ 12
the only solutions are as stated. Also, we can verify that 17 | ϕ(v27) and so n = 9 is the highest power
of 3 that gives a solution. By Proposition 3, we may assume that v2ep has a prime factor q among 7, 19,
and 163, but that this prime factor does not divide v2e where 2
ep | n with e = 1 or 2 and p > 3 is prime.
Suppose q = 7. We can verify that z(7) = 8 and so 4 | n or e = 2. But then 7 | v2e , a contradiction.
Now suppose that q = 19. We can deduce that (13|19) = −1 and so we have p | 20 and so p = 5. We
can verify that 19 | v10, but 19 ∤ v20 so that e = 1. But 5 | ϕ(v10), a contradiction. Finally, assume that
q = 163. We can deduce that (13|163) = −1 and so we have p | 164 and so p = 41. We can verify that
e = 1. But 41 | ϕ(v82) and so again we get a contradiction. Thus, all of the solutions are as stated.
Let b = 5. We have 52 + 4 = 29 is prime. We can check that for n ≤ 12 the only solutions are as
stated. Also, we can verify that 11 | ϕ(v9) and so n = 3 is the highest power of 3 that gives a solution.
By Proposition 3, we may assume that v2ep has a prime factor q among 7, 19, 163, 487, 1459, and 39367,
but that this prime factor does not divide v2e where 2
ep | n with e = 1 or 2 and p > 3 is prime. Suppose
q = 7. We can verify that z(7) = 6. But 7 | v2ep implies 7 | u2e+1p, which cannot happen because
6 ∤ 2e+1p. Now suppose that q = 19. We can deduce that (29|19) = −1 and so we have p | 20 and so
p = 5. We can verify that 19 | v10, but 19 ∤ v20 so that e = 1. But 17 | ϕ(v10), a contradiction. Next,
assume that q = 163. We can deduce that (29|163) = −1 and so we have p | 164 and so p = 41. Suppose
that e = 2. Then 163 | v164 = v282 − 2, which implies that (2|163) = 1, which is false. Thus, e = 1. But
5 | ϕ(v82), a contradiction. If q = 487 or 1459 we can deduce that (29|q) = 1 and so we have p | q − 1,
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which is not possible since p > 3. If q = 39367, then we can deduce that (29|39367) = −1 and so we
have p | 39368. Thus, p = 7, 19, or 37. We therefore have six choices for 2ep: 14, 28, 38, 76, 74, 148. But
checking each of these, we deduce that 39367 ∤ v2ep, a contradiction. Thus, all of the solutions are as
stated.
Let b = 7. We have 72 + 4 = 53 is prime. We can check that for n ≤ 12 the only solutions are as
stated. Also, we can verify that 17 | ϕ(v9) and so n = 3 is the highest power of 3 that gives a solution.
By Proposition 3, we may assume that v2ep has a prime factor q among 7, 19, and 163, but that this
prime factor does not divide v2e where 2
ep | n with e = 1 or 2 and p > 3 is prime. Suppose q = 7. By a
congruence argument, we can deduce that n must be odd, contradicting e = 1 or 2. Now suppose that
q = 19. We can deduce that (53|19) = −1 and so we have p | 20 and so p = 5. We can verify that
19 | v10, but 19 ∤ v20 so that e = 1. But 137 | ϕ(v10), a contradiction. Finally, assume that q = 163. We
can deduce that (53|163) = 1 and so we have p | 162, which is not possible since p > 3 and so again we
get a contradiction. Thus, all of the solutions are as stated.
4. Acknowledgements
The author would like to thank Dr. Daniel Berend and Dr. Florian Luca for their suggestions with
this paper and the Azrieli Foundation for the award of an Azrieli International Postdoctoral Fellowship,
which made this research possible.
References
[1] William D. Banks et al. Multiplicative structure of values of the Euler function. High primes and
misdemeanours: lectures in honour of the 60th birthday of Hugh Cowie Williams, 41:29–47, 2004.
[2] Michael A. Bennett et al. Explicit bounds for primes in arithmetic progressions, 2018.
[3] Daniel Berend and Jørgen Harmse. On polynomial-factorial diophantine equations. Transactions of
the American Mathematical Society, 358:1741–1779, 2006.
[4] Yuri Bilu, Guillaume Hanrot, and Paul M. Voutier. Existence of primitive divisors of Lucas and
Lehmer numbers. Journal fur die Reine und Angewandte Mathematik, 539:75–122, 2001.
[5] Jhon J. Bravo and Florian Luca. Powers of two in generalized Fibonacci sequences. Revista Colom-
biana de Matema´ticas, 46:67–79, 2012.
[6] Yann Bugeaud et al. Fibonacci numbers at most one away from a perfect power. Elemente der
Mathematik, 63:65–75, 2008.
[7] Mohamed Taoufiq Damir et al. Members of Lucas sequences whose Euler function is a power of 2.
Fibonacci Quarterly, 52:3–9, 2014.
[8] P. Erdo˝s and R. Obla´th. Uber diophantische gleichungen der form n! = xp ± yp und n!±m! = xp.
Acta Szeged, 8:241–255, 1937.
[9] Kevin Ford. The distribution of totients. The Ramanujan Journal, 2:67–151, 1998.
[10] Kevin Ford, Florian Luca, and Carl Pomerance. Common values of the arithmetic function φ and
σ. Bulletin of the London Mathematical Society, 42:478–488, 2010.
[11] Richard Guy. Unsolved problems in number theory. Vol. 1 Springer Science & Business Media,
52:3–9, 2013.
[12] Florian Luca. Perfect Fibonacci and Lucas numbers. Rendiconti del Circolo Matematico di Palermo,
49:313–318, 2000.
8
[13] Florian Luca and Pantelimon Sta˘nica˘. Fibonacci numbers that are not sums of two prime powers.
Proceedings of the American Mathematical Society, 133:1887–1890, 2005.
[14] Florian Luca and Pantelimon Sta˘nica˘. The Euler function of Fibonacci and Lucas numbers and
factorials. Naval Postgraduate School Monterey CA Dept of Applied Mathematics, 2013.
[15] Paul Pollack. How often is Euler’s totient a perfect power? Journal of Number Theory, 197:1–12,
2019.
[16] Paul Pollack and Carl Pomerance. Square values of Euler’s function. Bulletin of the London Math-
ematical Society, 46:403–414, 2014.
[17] J. Barkley Rosser and Lowell Schoenfeld. Approximate formulas for some functions of prime num-
bers. Illinois Journal of Mathematics, 6:64–94, 1962.
[18] Tarlok N. Shorey and Cameron L. Stewart. On the diophantine equation ax2t + bxt + cy2 = d and
pure powers in recurrence sequences. Fibonacci Quarterly, pages 24–36, 1983.
9
